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This paper reviews and extends an approach to the gust-load prediction problem, in which the probabilistic model
of turbulence is expressed in the time plane in terms of a spectral energy function, dependent on the power spectral
density, and the associated aircraft load is calculated as the response to a worst-case input that causes maximum
response subject to a constraint on the spectral energy. It is described how the existing specification of the
airworthiness requirements, which are based on the assumption that turbulence can be modeled as an ensemble of
Gaussian patches, can be cast rigorously in this form. When the input is non-Gaussian, however, as is the case with
measured velocity components in severe turbulence, the simple relationship between the power spectral density and
probability no longer holds. In this instance, it is shown how the probability of a turbulence fluctuation may be
specified in terms of a generalized energy function, which combines the spectral energy with the information entropy,
which is a measure of signal complexity. The associated aircraft design load may then be calculated as the response to
the worst-case input that causes maximum response subject to a constraint on the generalized energy. Applications to
both linear and nonlinear aircraft dynamic responses are described.

Nomenclature

A = measure of system response found by power
spectral density analysis

a = empirical parameter

b = empirical parameter

C = normalization constant

E = expected value

e(n) = value of e(n; q) for g & 4, representing tails of
distributions

e(n;q) = energy-reduction factor

e(Sy) = entropy-based energy-reduction factor

F = mother wavelet

fX) = probability density function

g = wavelet representation

H = gust gradient distance

H(iw) = frequency-response function

H, = shape of the gust pattern comprising n wavelets

{i} = states of system

k = gust scaling index

L = scale length

m; = wavelet amplitude

n = number of elementary components in the gust or
wavelet pattern

p(n;q) pattern amplitude factor

pc(n) = value of p(n; q) in the Gaussian process

{pi} = probability distribution over states {i}

q = moment-order parameter

r(n; q) = amplitude-reduction factor

S = information entropy

S; = wavelet location (in space or time)

T = length of the time interval

T; = wavelet scale

t = time

U = generalized energy function

U, = turbulence intensity associated with design load
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uy, = gust intensity parameter
14 = aircraft true airspeed
w = probability functional
w = turbulence-velocity increment
w(§) = probability density of &
X = fluctuation amplitude
X, = fluctuation amplitude associated with ¢
v(H,,U) = magnitude of response
Va = design load
z = function used in the definition of a probability
functional
E(iw) = Fourier transform of &(7)
& = random variable
1G] = random function, filter input
¢ = power spectral density
Y(iw) = Fourier transform of ¥ (¢)
v(r) = filter output
w = frequency
I. Introduction

HE design-load requirements in the airworthiness regulations
for flight in turbulence [1] are based on a probabilistic model of
the turbulence, together with a specified method for calculating the
related loads in the frequency plane, applicable when the aircraft
dynamic response is linear. The model of turbulence assumes that, at
least in patches of limited extent, components of turbulence can be
represented as samples of a Gaussian process having a prescribed
power spectral density (PSD). As will be described, it has been
shown that, rather than employing the method of load calculation
specified in the regulations, which is implemented in the frequency
plane, the loads may equivalently be calculated in the time plane. In
this implementation, the turbulence model is expressed in terms of an
energy function that is dependent on the PSD, which we shall refer to
as a spectral energy function. The associated loads are calculated by
a variational method as the response to a worst-case input that causes
maximum response subject to a constraint on the spectral energy.
Subsequent sections of this paper will be concerned with
generalizations of this variational method to non-Gaussian tur-
bulence models and to aircraft nonlinear response. Starting from the
central role played by spectral energy in the Gaussian model, a
conceptual framework for the non-Gaussian model is introduced that
combines spectral energy with information entropy, which is a
measure of the complexity of a turbulence fluctuation. Applications
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will be described to both linear and nonlinear aircraft dynamic
responses.

In a review of the required mathematical foundations, to be
presented in Sec. II, the probabilistic model of a fluctuating signal is
first expressed in the time plane in terms of a generalized energy
function that is applicable to both Gaussian and non-Gaussian
processes and that reduces to spectral energy in the Gaussian case. It
is shown how the associated response statistics of a dynamical
system may then be calculated in terms of the worst-case response to
a deterministic input subject to a constraint on its generalized energy.
Not only can the design-load requirements for flight in turbulence
[1], which incorporate the assumption that the aircraft dynamic
response be linear, be cast rigorously in this form, but the formulation
in terms of generalized energy and worst-case analysis can be
extended to treat the problem of nonlinear response in a consistent
manner.

II. Mathematical Foundations: Probability and Energy

To specify a probability distribution on a class of fluctuating
signals requires us, in principle, to be able to integrate in an infinite-
dimensional function space. For the purposes of practical appli-
cations, it is sufficient to restrict attention to functions defined by a
finite, although possibly very large, number of variables; with this
restriction, the conventional definition of probability density applies.
On the other hand, the existence of an established theory of
integration on function spaces allows us to view numerical results as
approximations to more exact results that correspond to the limit as
the number of degrees of freedom tends to infinity.

The nature of the problem may be illustrated with reference to
the one-dimensional probability density. Suppose that £ is a one-
dimensional random variable and w(£) is the associated probability
density. Then w(£) is a function such that

[ Y wde=1 )

and the probability of finding £ in the interval (§,,&, + 8£) is
w(§;)86.

The average, or expected, value E of a function of £ [say, z(§)] then
takes the form

E(()} = [ ¥ (©u()de @

The generalization of the preceding to an n-dimensional random
variable is straightforward; we simply employ standard (e.g.,
Lebesgue) volume integrals. However, in the case in which &
becomes a function [say, a fluctuating signal £(7)], the number of
degrees of freedom has effectively become infinite and technical
problems arise. These were first tackled in the early 1920s, as
described, for example, in [2].

Suppose that the probability density w(&) occurring in Egs. (1) and
(2) is replaced by a probability functional W[&(1)]. We then wish to
replace, for example, Eq. (2) by an analogous equation of the form

E{z[§(0]} = / LEDIWEN)]IAE®)] ©)

By analogy with Eq. (1), we require W[£(7)] to be normalized such
that

/ WIEWdED) = 1 @

Solutions to the problem of rigorously defining the probability
measure d[£(¢)] in Egs. (3) and (4) are reviewed in [2].

A heuristic introduction to the probability functional W[&(7)] of a
general random process £(¢) is to be found in [3], in which it is
defined to characterize the probability of a particular realization
of the process. This probability is obtained by considering the
combined distribution of the discrete set of random values
&(ty),...,E(@y), for (t;, <---<ty), and compacting the points
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ti, ..., ty such that |t;,; — ;] — 0. As only sampled data will be
considered in this paper, the limiting step is unnecessary, and for
practical applications, all integrals may be interpreted in terms of
finite-dimensional integration.

As a basis for subsequent applications, it is convenient to express
the probability functional W[£(#)] in the form

WIE(D] = Cexp(=U[E(n]) ®)

where C is a normalization constant such that Eq. (4) is satisfied.
Ul&(?)] will be referred to here as the generalized energy function
(strictly also a functional). In applications to statistical physics, it is
generally defined in terms of interactions [4] between elementary
subunits, which, in a turbulence model, would be elementary
increments in turbulence velocity. In a Gaussian process the inter-
actions are of second order only. In principle, non-Gaussian processes
can be treated by introducing higher-order interactions. However, the
application of this method, which would introduce higher-order inter-
actions between elementary microscopic increments in turbulence
velocity, proves to be impractical as a means of modeling severe
turbulence for practical applications. Instead, in this paper, strongly
non-Gaussian turbulence is modeled by representing macroscopic
fluctuations in terms of their (mathematical) entropy.

It follows from Eq. (5) that samples of the process £(f) corre-
sponding to equal values of U[&(r)] have equal probability of
occurrence (strictly, with respect to the measure d[£(¢)]). Further-
more, the maximization of the probability W[£()], subject to some
constraint, corresponds to the minimization of U[&(7)].

In the case in which £(z) is a realization of a stationary Gaussian
white-noise process on an interval (0, T), then U[£(¢)] takes the form

3
U0 =5 [ €0t ©

where T is the length of the time interval. The integral in Eq. (6) is a
particular case of the norm

I = / oy ™

where £(f) is defined on a finite interval. This norm can also be
expressed in the Fourier domain:

I = 7 / ME R ®

where E (iw) is the Fourier transform of £(¢).

This alternative expression of the norm is convenient when
considering correlated random signals. Specifically, if the un-
correlated Gaussian white-noise signal £(¢) is passed through a linear
filter with frequency-response function H(iw) to obtain an output
¥(t) for which the values at different instants are correlated, the
Fourier transform of v(¢) is given by

Y(iw) = H(iw) B (iw) )
and thus
T
IO = 7 / Hiado = [Vl (10)

where ||()||% is defined by Eq. (10) to be an H-dependent norm that
reduces to the norm in Eq. (8) when H is the identity.
Because the PSD of /(¢) is given [3] by

p(w) = |H(io)|? (11
it follows from Eq. (10) that

[ ¥ (i)
lv @0 —ﬂA de (12)
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The probability functional of the correlated Gaussian noise process
¥(t) with power spectral density ¢(w) is thus obtained by
identifying the function ||£(¢)||> with the spectral energy function
for ¥(¢) defined by the norm |y (7)||% in Eq. (12). In a stationary
Gaussian process having PSD ¢(w), samples having equal spectral
energy, given by Eq. (12), thus have equal probability of occurrence.

III. Wavelet Representation of Signal Structure

Whereas in a Gaussian process, the probability of an individual
sample depends only upon its spectral energy, in non-Gaussian
turbulence, the probability of a gust pattern will be seen to depend
not only on its energy, but also upon the manner in which the energy
is distributed among its component fluctuations. As a basis for
quantifying the energy distribution within a given structured gust
pattern, an economical numerical signal representation consists of
the superposition of a finite number n of functions in the form of
discrete wavelets, each of which is specified by parameters m;, s;, and
T;, which determine, respectively, its amplitude, location (in space or
time), and scale. Specifically, this signal representation is of the
following form:

! _(t—s;
g(z)=;mlf( T ) (13)

where, in the applications discussed in this paper, the function F(r),
referred to as the mother wavelet, is taken to be a positive pulse,
typically of the form exp(—#?). Previous numerical applications of
such positive wavelets have been described in [6,7].

In the terminology of the previous section, the function g(7) given
by Eq. (13) is taken not to represent turbulence directly, but rather the
signal £(#), which is used as an input to the linear shaping filter H (iw)
[Eq. (9)], for which the output represents the turbulence-velocity
component ¥(¢). For example, if H(iw) is taken to represent pure
integration, then each term in the velocity component y/(¢) resulting
from Eq. (13) takes the form of a smooth incremental ramp,
frequently taken to represent a discrete gust.

The design-envelope requirement for limit loads encountered
during flight in continuous turbulence is prescribed in the airwor-
thiness regulations [1] in terms of a turbulence-velocity component
¥ (¢) having a specified power spectral density ¢(w). For the vertical
component of turbulence, the prescribed power spectral density takes
the von Karman form [8]:

L 1+8/3(Tw)?
=—_ ‘> - T=1.339L/V 14
where L is the scale length, specified to be 750 m, and V is the true
airspeed of the aircraft.
Corresponding to this spectral density, the causal linear filter
having frequency-response function H(iw) defined by Eq. (11) is

given by [9]
[L 1+ ./8/3Tiw

H(io) = \—————7¢ 15

(10)) v (1+Ti(1))1|/6 (15)

When H(iw) is given by Eq. (15), the resulting elementary tur-
bulence components, each corresponding to a single term in Eq. (13),
take the form [9] of a ramp followed by a washout. At small scales
(T; < T), these elementary gusts are dominated by the ramp,
followed by a gradual decay, whereas for scales T; ~ T, they become
approximately pulse-shaped. For scales 7; <« T, gusts of equal

probability have ramp amplitudes proportional to Tl-l/ 3
IV. Probability and Entropy
in Non-Gaussian Turbulence
A. Probability of Gust Patterns in Non-Gaussian Turbulence

In Sec. III, it has been explained that samples of equal probability
in Gaussian models are associated with equal magnitudes of the
spectral energy [Eq. (12)]. As described in [10,11], the relative

amplitudes of equiprobable gust patterns have been measured in
severe turbulence, recorded at both high and low altitudes. In this
section, we show that these experimental results imply that the non-
Gaussian structure of severe turbulence requires that the association
between equality of probability and equality of spectral energy be
modified.

The data analysis in [10,11] makes use of correlation detection
[12,13], in which signal patterns of prescribed shape are detected
through the occurrence of local extreme values (maxima and
minima) in the output fluctuations of a digital filter that is matched to
the shape of the signal pattern. The signal patterns comprise linear
combinations of ramp-gust components (smoothed increments), and
the associated detectors comprise associated linear combinations of
smoothed increment detectors, each tuned to an individual ramp.
Following identification, the extreme values in filter output are
subjected to statistical analysis.

As described in [10], the method of statistical analysis involves the
introduction of a nondimensional measure of fluctuation amplitude:
the moment-order parameter. It is supposed that fluctuations of
amplitude X have a probability density function f(X), for which the
gth moment is given by [ f(X)X?dX. Then, letting X, denote the
amplitude at which f(X) makes its greatest contribution to the gth
moment (i.e., at which the product f(X)X7 is greatest), the resulting

stationarity condition
f(X)}
X =—q{ , (16)
7 f(X) Xq

provides a means of labeling fluctuation amplitude in terms of the
moment-order parameter q.

In [10], the parameter g is used to compare, over a range of
amplitudes, the magnitudes of the extreme values in the responses of
pairs of linear filters designed as detectors for gust patterns of
differing complexity. Defining p(n; g) to be the average ratio, at an
amplitude specified by ¢, of the magnitudes of local extreme values in
the output of a filter designed to detect an n-ramp pattern compared
with those of a filter designed to detect a pattern comprising just a
single ramp of similar scale, it is shown, by considering a range of ¢
up to about 4 and values of n > 2, that in severe turbulence, p(n; q) is
a monotonically decreasing function of q.

This result contrasts with that obtained for a Gaussian process,
for which it is demonstrated in [10] theoretically, and confirmed
empirically, that p(n; q) takes a value p;(n) independent of g. To a
good approximation, which becomes exact in the particular case
of a Gaussian process having PSD proportional to (frequency)~2,
corresponding to the higher-frequency range of the Dryden spectrum
sometimes used as a simplifying approximation in aeronautical
applications [8]:

po(n)=n"'7 (17
Taking p;(n) as a reference value, we may thus regard the ratio
r(n;q) = p(n;q)/p(n) (18)

as an amplitude-reduction factor used to relate the amplitudes of
extrema in the response of a pattern-detection filter, applied to a
measured turbulence-velocity component, to the associated ampli-
tudes that occur in a related Gaussian process.

As the magnitudes of local extrema in linear filter output are
proportional to the amplitudes of the associated input signal patterns,
the amplitude-reduction factors r(n; ¢) may equally be applied to
relate the relative amplitudes of gust patterns occurring in measured
severe turbulence to the associated relative amplitudes of the same
gust patterns occurring in the associated Gaussian process. Because it
has already been shown, in Sec. II, that in a Gaussian process, the
amplitudes of signal patterns having prescribed probability are
determined by their spectral energy [Eq. (12)], it is convenient to
replace the amplitude-reduction factors r(n; ¢) by equivalent energy-
reduction factors:

e(n;q) = {r(n;q)}* 19)



Thus, in the case of the non-Gaussian turbulence-velocity com-
ponent (f) having power spectral density ¢(w), gust patterns
comprising linear combinations of n ramp-gust components and
having equal probability take equal values of the reduced spectral
energy e(n; q)||y(1)||%, where e(n; q) is given by Eq. (19) and the
norm [[y(1)[ is given by Eq. (12).

Because it has been shown that, over a range of values of g up to
about 4, in severe turbulence p(n; ¢) is a monotonically decreasing
function of ¢, it follows from Eqgs. (18) and (19) that the same is true
of e(n; q). Values of g of particular significance are ¢ = 2 and 4. It is
shown in [10] that at amplitudes corresponding to g = 2 (second-
order moments), the magnitudes of fluctuations in severe turbulence
and in an associated surrogate Gaussian process having identical
PSD are the same:

p(n;2) = pg(n) (20)
and thus
e(n;2) =1 21

It is also shown in [10] that measured values of p(n;q) for ¢ ~ 4,
corresponding to fourth-order moments, are representative of the
measured tails of the distributions. It is thus convenient to define e(n)
to be the value of e(n; ¢) when ¢ is approximately 4 and to take this
value to be representative of the gusts of greatest amplitude that it is
expected to encounter in severe turbulence.

Combining the analysis of measured severe-turbulence data in
[10,11], the following empirical values have been obtained:

e(2) =0.83, e(4) =0.67, e(8) =0.52 (22)
Comparable results can be obtained from an analysis of data recorded
during routine flying by civil aircraft, presented in [14]. These results
were derived from gust encounters, during operational flying by civil
aircraft, of sufficient intensity to produce a special event in which the
aircraft response was at least 0.75 g. By curve-fitting to the results at
the higher levels of intensity (in Fig. 23 of [14]), the following values
for e(n) have been derived:

e(2) =0.77, e(4) =0.55 (23)
Gust patterns with more than four components have negligible effect
on the associated large-magnitude measured loads.

The method of analysis applied in [14] was similar to that
described in [10,11], involving the statistical comparison of the
outputs of numerically simulated pairs of filters, in which the filters in
each pair were tuned to input gust patterns of differing complexity
(number 7 of discrete components).

It can be seen that the energy-reduction factors in Eqgs. (23) are
somewhat smaller than those in Egs. (22), indicating greater
departures from Gaussian statistics. Comparison with the full set of
data in Fig. 23 of [14] shows that the former set of factors, which are
from measured data obtained from severe-turbulence penetrations
using specially instrumented research aircraft, are consistent with
results in the middle range of intensities in the special-event data
obtained from civil-aircraft severe turbulence encounters, obtained
using more limited instrumentation. Indeed, the energy-reduction
factors in Eqgs. (22) are in very good agreement with those derived
from one particular special event (event C1780) that lies in the middle
range. However, the data in Fig. 23 of [14] suggest the overall
conclusion that the energy-reduction factors in Eqgs. (23) in fact
correspond to the more severe events encountered by civil aircraft
and are thus the more relevant to the prediction of design gust loads.
The implementation of these energy-reduction factors in a model of
severe turbulence is discussed in Sec. V.

B. Complexity and Entropy

It has been described, in Sec. IV.A, how for gust patterns in severe
turbulence, the relationship between equal probability and equal
spectral energy that holds for a Gaussian process is modified. As the
gust intensity, as measured by ¢, increases, gust patterns comprising
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multiple elementary ramp components are reduced in amplitude
relative to that of a gust of equal probability and comprising just a
single ramp. As discussed in [10], this result is consistent with the
hypothesis that the more severe gusts, associated with the tails of the
distributions, tend to occur in short bursts. More general evidence for
this phenomenon has been presented in [11].

The number n of elementary ramp components in a gust pattern
may be interpreted as a simple measure of the degree of structure, or
complexity, of the pattern. The energy-reduction factors e(n; q)
introduced in Sec. IV.A thus provide a quantitative measure of the
influence of complexity on the associated probability. In other
contexts, the concept of entropy has been widely employed as a
measure of complexity, with increasing complexity being associated
with increasing entropy. In particular, the concept of information
entropy was introduced by Shannon [15,16] in the context of the
mathematical theory of communication and subsequently developed
by Jaynes [17] into a general principle of statistical inference, now
known as the MAXENT (maximum-entropy) principle. As reviewed
in [18], this principle tells us how to incorporate any statistical
information about state variables of some system into a probability
distribution { p,} over the possible states {i} of the system. It tells us to
choose that distribution that has the largest information entropy

S = —ZP,-lng () (24)

consistent with the given statistical information. In other words,
maximize the entropy subject to the given statistical constraints.

In qualitative terms, a very sharply peaked distribution, with the
probability distribution concentrated in a relatively small number of
states, has a very low value of S;, whereas if the distribution is spread
over a large number of states, S; is higher. If all of the probability is
concentrated into one state, so that one of the p, is 1 and all the others
are 0, then S, takes its smallest value (0). Conversely, the largest value
of §; arises when all of the p; are equal.

In the application to discrete gust patterns, the p; are identified
with the absolute values of the wavelet coefficients m; in Eq. (13),
and the information entropy S; [Eq. (24)] is taken to be a measure of
the complexity of the associated gust pattern. A precedent for this use
of the information entropy S, [Eq. (24)], in which the p; are identified
with the amplitudes of components of a structured object, rather
than directly with probabilities, arises in the context of image
analysis. As described in [19], in maximum-entropy image resto-
ration, or reconstruction, the p; are identified with pixel intensities,
or luminance elements, and S; is incorporated as a regularizing term
without which the effects of unmeasured spatial frequencies and
noise would make the inversion problem of converting measured
data to restored image ill-posed. This method is widely used in
practice as a means of determining the least structured solution,
consistent with the data, in which §; imposes a constraint on the
complexity of the structure.

In the present context, the information entropy S, is used to replace
n as a measure of the complexity of a discrete gust pattern, with
entropy-based energy-reduction factors e(S;(g)) and e(S;) re-
placing the energy-reduction factors e(n; g) and e(n), introduced in
Sec. IV.A. Corresponding to the large-amplitude fluctuations in
severe turbulence (¢ =~ 4), the following empirical expression for the
energy-reduction factor has been derived by matching to measured
data:

e(S) = (1 +as))™! (25)

where S, is given by Eq. (24), the p; being identified with the absolute
values of the wavelet coefficients m; in Eq. (13), normalized to sum to
unity. The energy-reduction factor e(S) is a positive quantity, taking
maximum value unity when the gust pattern comprises just a single
ramp, and hence S; = 0, and which decreases as the entropy of the
gust pattern increases.

By matching to the values of e(n) given by Egs. (23), the following
numerical values for the parameters in Eq. (25) have been obtained:



1434

a=0.3, b=1.45 (26)
Confirmation of the validity of this matching process is provided in
Sec. V.B, which describes comparisons of linear aircraft response
amplitudes derived using the e(S;) energy-reduction factors with the
corresponding response amplitudes predicted by the SDG1 gust
model, which uses e(r). The application of Eq. (25) in the context of
nonlinear aircraft response is discussed in Sec. V.C.

V. Applications

In this section, it is shown that the formulation of turbulence
models in terms of energy and entropy can be applied in the process
of predicting the associated aircraft loads/response. Section V.A is
concerned primarily with Gaussian models of turbulence and linear
models of aircraft response, as assumed in the current airworthiness
requirements for aircraft loads. In Sec. V.B, the linearity of the model
of response is retained, but the non-Gaussian structure of severe
turbulence, described in Sec. 1V, is introduced into the response-
prediction process. Finally, Sec. V.C refers briefly to methods for
predicting aircraft loads/response when the response equations are
nonlinear for both Gaussian and non-Gaussian turbulence models.

A. Deterministic Spectral Procedure

In [20,21] it was demonstrated how the formulation of Gaussian
turbulence models in terms of a spectral energy function could be
applied to the prediction of system response. By introducing con-
cepts related to matched-filter theory, an equivalence was demon-
strated between deterministic and probabilistic design criteria for
linear systems. It was shown that these results provided a basis for
expressing system design requirements based on power spectral
methods, usually implemented in the frequency plane [8], in terms
of an equivalent worst-case analysis using deterministic inputs, in
the time plane, subject to a constraint on the spectral energy
[Eq. (12)]. Subsequent related work is described in [22-24].

In the standard implementation of the design-envelope require-
ment prescribed in the airworthiness requirements [1], a design load
v, is defined by the equation

ya =AU, 27

where U, is a turbulence intensity of prescribed magnitude; A is
an aircraft-dependent dynamic response factor, calculated in the
frequency plane as the ratio of the rms intensity of response to the rms
intensity of a patch of turbulence having power spectral density ¢(w)
given by Eq. (14); and the equations representing the aircraft
dynamics are required to be linear. The derivation of Eq. (27) also
assumes [8] that the input comprises a sequence of independent
Gaussian patches, each of sufficient duration that both input and
response may be treated as stationary Gaussian processes.

Using results presented in [20,21], it was subsequently demon-
strated in [24] that the design load y, obtained using Eq. (27) can
equivalently be calculated by a deterministic spectral procedure
(DSP) in the time plane, as the maximum amplitude of aircraft
response evaluated with respect to a deterministic family of gust
inputs ¥(7) subject to the inequality constraint

IYOlla = Uy (28)

with the spectral energy ||y(7)|  calculated according to Eq. (12).
It was further argued in [24] that, because this DSP for
implementing the design-envelope requirement contains no refer-
ence to linearity, it may be regarded as applicable equally to linear
and nonlinear aircraft responses. This conclusion is supported by the
interpretation in Sec. II of ||Y(?)||z in terms of probability
functionals, which demonstrates that samples having equal values of
the spectral energy || ¥(#) || ; have equal probability of occurrence in a
Gaussian patch having spectral density ¢(w) and hence, by
summation, in a sequence of such Gaussian patches. The spectral-
energy constraint in inequality (28) may thus be interpreted as a

constraint on the probability of the input, quite independent of any
properties of system response.

It is frequently convenient to model the response of an aircraft,
which may be linear or nonlinear, to a turbulence input 1/(f) by means
of an equivalent combined system comprising the aircraft together
with the linear prefilter or turbulence-shaping filter H (iw) [Eq. (9)]
subjected to a white-noise input £(f). The deterministic spectral
procedure, which requires the maximization of the aircraft response
with respect to a family of gust inputs ¥/(¢) subject to the inequality
constraint (28), then takes an alternative form in which the response
of the combined system is maximized with respect to a family of
inputs £(7) subject to the spectral-energy constraint

1§D < U, 29

[using Eq. (10)].

When the aircraft response is linear, this problem has an analytical
solution given by matched-filter theory. Specifically, the constrained
input £(7) that produces the maximum response then takes the form of
the impulse-response function of the combined system reversed in
time [21]. Passing this tuned input through the causal filter H(iw)
[Eq. (15)] then gives the associated tuned gust input (). Details
of this analytical solution, including the case of time-correlated
multiple outputs, are given in [21]. The particular application to the
calculation of time-correlated gust loads is illustrated in [22].

When the aircraft response is nonlinear, however, such analytical
solutions are not applicable, and the DSP requires a numerical, rather
than analytical, implementation, as will be outlined in Sec. V.C.

B. Statistical-Discrete-Gust Model

In this section, the linearity of the model of aircraft response is
retained but the non-Gaussian structure of severe turbulence,
described in Sec. 1V, is introduced into the response-prediction
process. It was primarily as a means of modeling the non-Gaussian
characteristics of severe turbulence that the statistical-discrete-gust
(SDG) model was developed. The SDG method [25,26] combines
this model with an associated procedure for evaluating the statistics
of aircraft response, involving a worst-case analysis to find the tuned
gust pattern that maximizes the response subject to a constraint on the
probability of the gust input. The statistical theory underlying the
method involves an application of the Laplace approximation to an
expression for the rate of occurrence of response peaks in the form of
an integral over the space of input gust patterns, which demonstrates
the dominant influence of the tuned gust pattern.

The version of the SDG model as it existed in 1989 is summarized
in [26]. In this version, localized gust patterns were represented as
clusters of discrete ramp-hold elements, with regions of constant
wind velocity separating the ramps. Individual ramps in such a
cluster were assumed to have equal probability (equipartition of
probability). It was to this form of the model that the amplitude-
reduction factors that quantify the effects of complexity on proba-
bility, described in Sec. IV.A, were first introduced to quantify one
aspect of the non-Gaussian structure. A further feature of the model
was the incorporation of a fractal (power law) representation [26] of
the statistical relationship between the fluctuations of different size or
scale. Fluctuations of equal probability are associated with equal
values of an intensity parameter u;, such that equiprobable patterns
comprising just a single ramp, with velocity increment w and
gradient distance H satisfy the equation u, = w/H*. To represent
severe turbulence the scaling parameter takes [26] the value k = 1/6.

Subsequently, wavelet analysis was introduced as a basis for a
reformulation of the SDG method in terms of the energy concepts
introduced in Secs. II, HOI, and IV. New wavelet-based SDG
algorithms for application to linear systems [11] were implemented
in the scientific computer language MATLAB [9,27]. Two versions
of the method were implemented: SDG2 and SDG1. The associated
algorithms generate the worst-case responses when the SDG model
is matched, respectively, to moderate turbulence and to measure-
ments of large fluctuations in severe turbulence.

SDG2 may be interpreted as a discrete implementation of the DSP
(Sec. V.A) in which elementary gust components are generated by



passing pulse wavelets [Eq. (13)] of prescribed energy through the
von Kdrman shaping filter H(iw) given by Eq. (15). For gradient
distances significantly less than the scale length, this produces a
family of ramp gusts satisfying approximately a one-third power law.
It should be emphasized that the SDG2 gust model was never
intended as a practical tool, but rather as a proof of concept in that
it could be interpreted as an approximate implementation of the
existing PSD turbulence model. This overlap between the SDG and
PSD models was subsequently the subject of a NASA study [28].

In SDG1 the elementary gust components used to represent severe
turbulence are generated by passing pulse wavelets [Eq. (13)] of
prescribed energy through a modified von Kdrméan shaping filter
[27], which, for gradient distances significantly less than the scale
length, produces a family of ramp gusts satisfying approximately
a one-sixth power law. SDG1 limits the maximum number of
elementary ramp components in any gust pattern to four and also
incorporates energy-reduction factors e(n) to account for the reduced
probability of meeting the more complex gust patterns in severe
turbulence, as described in Sec. IV.A. In addition to the values for
e(2) and e(4) given in Egs. (23), obtained by matching to measured
data, SDGI also incorporates an interpolated value for e(3), the full
set of values being

e(2)=0.77,  e(3)=0.635,  e(4) =055 (30)

In this paper, as an implementation of the entropy concept introduced
in Sec. IV.B, a new model, designated the SDG(E) model, is defined.
This is identical to the SDG1 model except that, to take account of the
effects of complexity upon probability in severe turbulence, the
energy-reduction factors e(n) given by Egs. (30) are replaced by the
entropy-based energy-reduction factor e(S;) [Eq. (25)], described in
Sec. IV.B. Both SDG1 and SDG(E) may be interpreted as extensions
of the DSP (Sec. V.A) to take account of the one-sixth scaling law
characteristic of severe turbulence and in which the spectral-energy
constraint [Eq. (29)], which is implemented in the DSP, is modified to
take account of the reduced energy of the more complex gust
patterns.

Comparisons have been made between the SDG1 and SDG(E)
gust models and the PSD model of turbulence specified in the
existing requirements for a variety of load quantities on mathematical
models representative of an Airbus with underwing engines in two
different configurations and flight conditions and with a turboprop
aircraft. A full list of the response quantities evaluated, which include
wing and tail bending moments and torques, is given in [11].

The maximum measured difference between the SDG1 and SDG
(E) models was of order 1%. Two properties of the SDG models,
which incorporate non-Gaussian properties of measured severe
turbulence, influence their comparison with the PSD model, which is
based on Gaussian statistics:

1) Compared with the PSD model, the ratio of the amplitudes of
short gusts to the amplitudes of long gusts for a prescribed level
of probability is increased in the SDG models on account of the
difference between the respective scaling exponents:k = 1/3 in the
PSD model and k = 1/6 in the SDG1 and SDG(E) models.

2) On account of the energy-reduction factors incorporated into
the SDG models for a prescribed level of probability, the gust patterns
comprising extended sequences of components are of lower
amplitude than is the case with the PSD model.

A particular consequence that reflects both of the preceding
properties is that the ratio of SDG design loads to PSD design loads
tends to be greater for wing responses, such as wing-root bending
loads, than for tail responses, such as rear fuselage and fin bending
loads [11]. It follows, in particular, that if the SDG and PSD load
criteria were to be matched for the case of wing response to vertical
gusts, then an SDG-based criterion would tend to reduce the
predicted tail loads in response to lateral gusts, with potential weight
savings. Conversely, the optimization of safety margins for a given
weight would result in increased wing strength. If a record were to be
kept of all instances in which PSD gust design loads are exceeded
during commercial flying, the SDG models of severe turbulence
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predict that the number of exceedances for wing loads will exceed
that for (gust-induced) tail loads.

C. Nonlinear Aircraft Response

In Sec. V.A, an implementation of the DSP has been described that
requires the maximization of the response of a combined system of
aircraft plus shaping prefilter H (iw) to a family of inputs £(f) subject
to the energy constraint given by Eq. (29). In Sec. V.B it was shown
how the DSP may be modified, by energy-reduction factors that
impose a constraint on the more complex gust patterns, to represent
the non-Gaussian statistics of severe turbulence.

When the aircraft response is nonlinear, the DSP and its SDG-
related modification require a numerical search for the maximum, or
worst-case, response. For this purpose, it is convenient to represent
the signal £(¢) as the discrete sum of pulse-wavelet components given
by Eq. (13). Whether the search is based on a pure energy constraint,
as in the DSP method, or the energy-plus-complexity constraint
prescribed in the SDG model, response evaluation takes the form of a
worst-case analysis to find the maximum magnitude of the response
y(H,,U) to a family of equiprobable gust patterns of shape H,,
where 7 is the number of wavelet components in the gust pattern, and
generalized energy U[£(1)]. For any prescribed value of U, y(H,,, U)
may be envisaged as a landscape over the space of gust patterns, for
which the topography for a nonlinear system will in general depend
upon U and the maximum magnitude of the response corresponds to
the elevation of the highest hill.

In the application of the search to nonlinear systems, if the
generalized energy U is varied in a continuous manner, the shape H,,
of the tuned input pattern corresponding to the maximum peak in
v(H,,U) may change slowly and smoothly with U (for a linear
system, it is independent of U). Subsequently, however, a further
small change in U may lead to a switch to a completely different
tuned input pattern. Having established a new branch, the variation
may again become smooth and gradual. Such a jump phenomenon
will arise, for example, if there exist two distinct local maxima (hills)
in y(H,, U) and a value of U at which the two maxima are of equal
magnitude but growing at different rates with respect to U. The
possibility of such discontinuities occurring when the system is
nonlinear emphasizes the weakness of extrapolation and the
importance of investigating system behavior at the appropriate value
of probability, as specified by U.

A recommended search method based on the spectral-energy
constraint of Eq. (29) as prescribed in the DSP, which has the
capability to treat the problem of multiple maxima, is presented in
[29]. This method employs a genetic search algorithm referred
to as wavelet-based differential evolution. This combines the
advantages of breeding and selection, as employed in standard
genetic algorithms, with algebraic operations of addition, sub-
traction, and averaging. These allow the topography of the cost
function y(H,,, U) to be learned, reducing the danger of converging
to a subsidiary, rather than the required global maximum value. In
[29], the method is illustrated by application to an airbus-type aircraft
with a nonlinear control system.

The preceding method is also described and illustrated in [30],
which reviews the overall problem of meeting the current design-
envelope requirement for aircraft loads in turbulence [1] when the
response is nonlinear. Also illustrated in [30] is the modification of
the preceding method in which the spectral-energy constraint in
Eq. (29) is replaced by the combined energy-entropy constraint,
introduced in Sec. IV.B, based on the SDG model of non-Gaussian
severe turbulence. It was concluded in [30] that the implementation
of this constraint in wavelet-based differential evolution offers not
only a more realistic representation of the statistics of severe tur-
bulence, but also has the computational advantage that, as a con-
sequence of penalizing the more complex gust patterns, the resulting
search for the worst-case gust input will tend to be concentrated into
a more limited region of the search space. Other computational
implementations of the SDG model to which this advantage of the
energy/entropy constraint would also be applicable have been
described in [31-33].
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VI. Conclusions

1) It has been shown how the concept of a probability functional
WI&(#)] can be used to specify the probability of arandom signal &(7).

2) WIE(2)] can be expressed in terms of a generalized energy
function U[&(7)], such that the maximization of the probability
WIE(1)] is associated with the minimization of U[£(7)].

3) An associated time-plane method for evaluating the statistical
response of a dynamic system involves finding the worst-case input,
having prescribed generalized energy, and thus prescribed level of
probability, that causes maximum response. Alternatively, in dual
form, the worst-case input can be found as that which, for a
prescribed amplitude of response, has maximum probability and thus
minimum generalized energy.

4) The method for evaluating design loads in the existing
airworthiness regulations, which assumes the dynamic response of
the aircraft to be linear and the model of turbulence to be Gaussian,
can be cast rigorously in the preceding form. In this case, the
generalized energy takes the specific form of a spectral energy
function, which depends only on the power spectral density of the
turbulence.

5) The formulation of the statistical model of the turbulence in
terms of the spectral energy function and the associated statistical
evaluation of the response in terms of a worst-case input, jointly
referred to as the DSP, is also applicable when the dynamic response
is nonlinear.

6) When the non-Gaussian statistical structure of measured severe
turbulence is taken into account, there is no longer a unique
relationship between the probability of a sample and the spectral
energy function. However, in this case, the spectral energy can be
combined with the information entropy, which is a measure of
the complexity of a fluctuation, to obtain a specification of the
probability. It has been shown how the information entropy can
conveniently be expressed in terms of a wavelet decomposition of the
fluctuation.

7) It has been shown how, when the system response is linear, an
energy-reduction factor based on the information entropy can be
substituted for the energy-reduction factors previously used in the
SDG1 gust model to quantify the probability of the more complex
gust patterns in severe turbulence. With this substitution, the
resulting gust model has been designated the SDG(E) model.
Comparisons have been described between the predictions of gust
loads on two aircraft types made by the SDG1 and SDG(E) models
and the power-spectral-density model specified in the current
requirements.

8) For application when the system response is nonlinear,
reference has been made to a study indicating that the introduction of
the information entropy not only leads to a more realistic measure of
the probability of velocity fluctuations in severe turbulence, but also
offers the computational advantage that the resulting search for the
worst-case input will tend to be concentrated into a more limited
region of the search space.
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